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Electric-dipole amplitudes, lifetimes, and polarizabilities of the low-lying levels
of atomic ytterbium

S. G. Porsev,1 Yu. G. Rakhlina,1 and M. G. Kozlov1,2

1Petersburg Nuclear Physics Institute, Gatchina, Leningrad District 188350, Russia
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The results ofab initio calculations of electric-dipole amplitudes, lifetimes, and polarizabilities for several
low-lying levels of ytterbium are reported. The effective Hamiltonian for two valence electronsHeff was
constructed by means of the many-body perturbation theory and solutions of the two-electron equation
HeffFn5EnFn were found.@S1050-2947~99!09307-5#

PACS number~s!: 31.15.Ar, 32.10.Dk, 32.70.Cs
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I. INTRODUCTION

In this paper we report results of anab initio calculation
of electric-dipole (E1) amplitudes, lifetimes, and polariz
abilities for several low-lying levels of ytterbium. In Ref.@1#
we calculated the energies and hyperfine structure~hfs! con-
stants of low-lying levels of ytterbium. In that calculation th
accuracy of the atomic wave functions was tested by co
parison of the calculated hfs constants with the experim
tally determined ones. The latter are usually known to a v
good accuracy, providing a good test of the quality of t
wave function near the nucleus.

E1 amplitudes, in contrast, are determined by the form
the wave function at large distances. The usual experime
accuracy for the oscillator strengths and scalar polariza
ities is on the level of a few percent. This is close to, or ev
less than, the accuracy of precise atomic calculations~see,
e.g., calculations for Ba@2# and Cs@3#!. Tensor polarizabil-
ities can be measured to an accuracy of 1% or better@4,5#.
Thus it is possible to test an atomic wave function at la
distances at the 1% level. Note that 1% accuracy is cru
for calculations of parity nonconservation effects in ato
because it allows predictions of the Standard model to
tested in the regime of small momentum transfer@3,6#. To
date, such precision has been achieved only for the o
electron atoms Cs and Fr@7–9#. In this paper we deal with
the much more complicated Yb atom.

We consider ytterbium as a two-electron atom with t
core@1s2, . . . ,4f 14#. Valence-valence correlations are tak
into account by the configuration interaction~CI! method,
while core-valence and core-core correlations are trea
within the second order of the many-body perturbat
theory ~MBPT!. The latter is used to construct an effecti
Hamiltonian for the CI problem in the valence space.~De-
tails of the method can be found elsewhere@10,11#!. Appli-
cation of this method to the calculation of hfs constants
been discussed in@1,2,12#. In Ref. @2# the method was ex
tended to the calculation of polarizabilities. Here we ap
this technique for calculating lifetimes,E1 amplitudes, and
polarizabilities of ytterbium.

II. GENERAL FORMALISM

The expression for the oscillator strength for ana,J
→a8,J8 transition has the form@13# ~atomic unitsm5\
PRA 601050-2947/99/60~4!/2781~5!/$15.00
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5e51 are used throughout the paper!:

f ~aJ,a8J8!52
2vaJ,a8J8
3~2J11!

u^a,JuuDuua8,J8&u2, ~1!

wherevaJ,a8J85EaJ2Ea8J8 ,D is the dipole moment opera
tor, and reduced matrix elements~MEs! are defined as fol-
lows:

^a8,J8,M 8uDqua,J,M &5~21!J82M8S J8 1 J

2M 8 q MD
3^a8,J8uuDuua,J&. ~2!

The lifetimet of a level is the inverse of the total transitio
rate. The probability for ana,J→a8,J8 transition is given by

W~aJ,a8J8!5
4

3c3

vaJ,a8J8
3

2J11
u^a,JuuDuua8,J8&u2, ~3!

wherec is the speed of light.
The static polarizability of the sublevelua,J,M & in a dc

electric fieldE5Eẑ is defined as

DEa,J,M52
1

2
aa,J,ME 2

52
1

2 S a0,a,J1a2,a,J

3M22J~J11!

J~2J21! D E 2, ~4!

whereDEa,J,M is the energy shift anda0 anda2 define the
scalar and tensor polarizabilities, respectively. The pola
ability aa,J,M can be expressed as a sum over unpertur
intermediate states:

aa,J,M522(
n

u^a,J,M uDzun,Jn ,M &u2

Ea2En
, ~5!

whereEn is an unperturbed energy of a leveln, and the sum
runs over all states of opposite parity. The formalism of t
reduced MEs allows us to write explicit expressions for t
scalar and tensor parts of the polarizability:
2781 ©1999 The American Physical Society
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a0,a,J5
22

3~2J11! (
n

u^a,JuuDuun,Jn&u2

Ea2En
, ~6!

a2,a,J5S 40J~2J21!

3~2J13!~2J11!~J11! D
1/2

(
n

~21!J1Jn11

3H J 1 Jn

1 J 2 J u^a,JuuDuun,Jn&u2

Ea2En
. ~7!

In order to use Eqs.~5!–~7! in calculations one needs t
know a complete set of eigenstates of the unpertur
Hamiltonian. It becomes practically impossible when the
mension of a CI space exceeds a few thousand. For s
cases, however, it is known that it is much more conven
to solve the inhomogeneous equation instead of the di
summation over the intermediate states@14,15#. Therefore,
let us consider the solution of the following inhomogeneo
equation:

~Ea2H !uXa,M8&5Dqua,J,M &, ~8!

whereq50,61 andM 85M1q. Obviously, the right-hand
side in Eq.~5! can be expressed in terms of the functionXa,M
~note thatD0[Dz):

aa,J,M522^a,J,M uD0uXa,M&. ~9!

If we want to rewrite Eqs.~6! and ~7! in terms of the
function Xa,M8 , we need to decompose the latter in term
that correspond to particular angular momentaJi . Generally
speaking, there can be three such terms withJi5J,J61:

Xa,M85Xa,J21,M81Xa,J,M81Xa,J11,M8 . ~10!

Now, with the help of the functionsXa,J8,M8 , Eqs.~6! and
~7! reduce to

a0,a,J5~21!q11
2

3~2J11!

3(
J8

S J8 1 J

2M 8 q MD 22

^a,J,M uD2quXa,J8,M8&,

~11!

a2,a,J5~21!q11S 40J~2J21!

3~2J13!~2J11!~J11! D
1/2

3(
J8

~21!J1J8H J 1 J8

1 J 2 J 22S J8 1 J

2M 8 q MD 22

3^a,J,M uD2quXa,J8,M8&, ~12!

with summations running overJ85J,J61. Note that these
equations are valid only if all 3j symbols on the right-hand
side are not zero. This constraint must be taken it into
count when choosing for what spherical componentq to
solve Eq.~8!.

If we know the solution of Eq.~8! and its decomposition
~10!, then expressions~11! and~12! allow us to find both the
scalar and the tensor polarizabilities of the stateua,J&. More-
over, the same functionsXa,J8,M8 can also be used to fin
d
-
ch
t
ct

s

s

c-

other second-order atomic properties, such as amplitude
the Stark-inducedE1 transitions, or parity nonconservingE1
transitions, between the states of the same nominal pa
~see, for example, Ref.@16#!.

III. CALCULATION DETAILS AND RESULTS

A. Orbital basis set and CI space

The calculation procedure is quite similar to that of R
@2#; therefore, we give here only a brief description of
features. The calculation is done in theVN approximation,
i.e. the core orbitals are obtained from the Dirac-Hartr
Fock ~DHF! equations for a neutral atom~we use the DHF
computer code@17#!. The basis set for the valence electro
includes 6s,6p,5d,7s,7p, and 6d DHF orbitals and
8s–15s,8p–15p,7d–14d,5f –10f , and 5g–7g virtual orbit-
als. The latter were formed in two steps. On the first step
construct orbitals with the help of a recurrent procedu
which is similar to that suggested in Ref.@18# and described
in Refs. @11,16#. Subsequently we diagonalize theVN DHF
operator to obtain the final set of orbitals.

For this orbital basis set the complete CI is made for b
even-parity and odd-parity levels. Two-electron wave fun
tions are the linear combinations of the Slater determina
with a given Jz . This means that no symmetrization wit
respect to angular momentumJ is made.

B. Effective operators

Within the CI1MBPT method the wave function of th
valence electrons is found from the eigenvalue equation:

Heffua,J,M &5Eaua,J,M &. ~13!

Equation~8! is rewritten as an equation for valence electro
only:

~Ea2Heff!uXa,M8&5Deff,qua,J,M &, ~14!

with the effective operators, which are found by means of
MBPT. The effective Hamiltonian for two valence electro
is formed within the second-order MBPT@10#. We used the
random-phase approximation~RPA! for the effective dipole
moment operator~see, for example, Ref.@19#!. We have
checked that MBPT corrections toDeff , which are not in-
cluded in the RPA, are small if the RPA equations are solv
with the 6s electrons excluded from the self-consistency p
cedure~i.e., the RPA equations have the same form as in
VN22 approximation!. A more detailed description of the
effective operator formalism is given in@12#.

C. Transition amplitudes and lifetimes

We first solve eigenvalue Eq.~13! with the effective
Hamiltonian for low-lying even- and odd-parity state
Strictly speaking, the effective Hamiltonian can be safe
used only for the energy levels below the core excitat
threshold. For Yb this threshold lies at 23189 cm21 above
the ground state@20#. However, it was shown in@1# that the
theoretical spectrum is quite good up to;40000 cm21.
Consequently, we can work~with some caution! with the
states lying slightly above the core-excitation threshold. O
approach fails to reproduce the states with an unfilledf shell
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or to account properly for the interaction with such stat
For this reason we consider only the states, which lie su
ciently far from those with an unfilledf shell. In particular,
we considerE1 transitions between four low-lying odd
parity states@3P0,1,2

o (6s6p) and 1P1
o(6s6p)# and seven

even-parity states@1S0(6s2), 3D1,2,3(5d6s), 1D2(5d6s),
3S1(6s7s), and 1S0(6s7s)#. The state1P1

o(6s6p) requires
special attention. The nearestf 135d6s2 state lies only
3800 cm21 above the latter and their interaction is not ne
ligible. We estimated that the configurationf 135d6s2 con-
tributes on the level of several percent to the wave funct
of 1P1

o(6s6p) state. The accuracy of the calculate
1P1

o (6s6p)→1LJ andE1 amplitudes is reduced because w
do not take into account this configuration mixture.

After the eigenfunctions for the valence electrons
found, we can calculate transition amplitudes and lifetim
The results of these calculations are presented in Table I.
magnitudes of theE1 amplitudes vary over a wide rang
These variations correspond in part to the approximate se
tion rules DS50 and DJ5DL, which are easily traced
through Table I. For large amplitudes we estimate the ac
racy of our calculation to be 3–5 %. For the reason discus
above the amplitudeŝ1LJuDu1P1

o(6s6p)& do not follow this
rule. The accuracy for these amplitudes, as well as for sm
amplitudes (<0.5 a.u.), is about 15–20 %.

A few of these reduced MEs have been calculated pr
ously @21,22# or determined experimentally@23–28#, and we

TABLE I. Reduced MEsu^LJuur uuLJ8
8 &u ~a.u.!. Calculations were

made in theL gauge. Other theoretical and experimental results
given where available. The uncertainties are indicated in paren
ses. Dashes indicate that the corresponding transitions are fo
den.

3P0
o(6s6p) 3P1

o(6s6p) 3P2
o(6s6p) 1P1

o(6s6p)

1S0(6s2) — 0.54 ~8! — 4.40 ~80!

0.44a 4.44a

0.549~4!c 4.89b

0.553~13!d 4.13 ~10!d

4.02e

4.26f

3D1(5d6s) 2.61 ~10! 2.26 ~10! 0.60 ~12! 0.27 ~10!

2.2 ~1!g 0.24a

3D2(5d6s) — 4.03~16! 2.39 ~10! 0.32 ~6!

0.60a

3D3(5d6s) — — 6.12 ~30! —
1D2(5d6s) — 0.54 ~10! 0.38 ~8! 3.60 ~70!
3S1(6s7s) 1.98 ~10! 3.53 ~15! 5.05 ~20! 0.73 ~15!

1.36b 2.50b 3.77b

1S0(6s7s) — 0.22 ~4! — 4.31 ~80!

0.22 ~2!h

aReference@22#.
bReference@21# ~footnotes a and b are theory!.
cReference@23#.
dReference@24#.
eReference@25#.
fReference@26#.
gReference@27#.
hReference@28# ~footnotes c–h are from experiment!.
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compare these with our results in Table I. For the con
nience of comparison we used Eqs.~1! and ~3! to calculate
reduced MEs from the oscillator strengths and transit
probabilities. The calculations in Ref.@21# were performed
in the L-S coupling scheme and the simplest semiempiri
method@29# was then used to evaluate the radial parts.
Ref. @22# the multiconfiguration Dirac-Fock method wa
used, with the valence-core electronic correlations includ
semiempirically. Comparing our results with the results
other theoretical works highlights the importance of accou
ing for the valence-core correlations.

Now, using Eq.~3!, we can find the transition probabili
ties and the lifetimes of the levels~see Table II!. In these
calculations we used experimental transition frequenc
Therefore, the accuracy of these numbers depends onl
the accuracy of the dominant transition amplitudes. As a
sult, the largest error~40%! takes place for the state
1S0(6s7s) and 1D2(5d6s) where the transition to the stat
1P1

o(6s6p) is dominant. For other states we estimate t
theoretical accuracy for the lifetimes to be 10% or better

D. Polarizabilities

In order to find the polarizabilities we substitute eige
functions into the right-hand side of Eq.~14! and solve the
corresponding inhomogeneous equation. Then, use of
~11! and~12! enables us to calculatea0 anda2. The results
of these calculations are presented in Table III. It is seen
a2 has typically the same order of magnitude asa0 ~in con-
trast to the case of barium@2#!. Therefore, the theoretica
accuracy fora2, as a rule, is similar to that fora0. In con-
trast, experimental data fora2 are usually much more precis
and complete.

There are several sources of errors in the calculation
polarizabilities. Some of them are the same as for hfs ca

e
e-
id-

TABLE II. Lifetimes ~nsec! of the low-lying levels for Yb cal-
culated with the reduced MEs from Table I and experimental tr
sition frequencies.

State Config. This work Other data

3D1 5d6s 372 ~30! 380 ~30!a

3D2 5d6s 430 ~35! 460 ~30!a

3D3 5d6s 540 ~55!
1D2 5d6s 4400 ~1800! 6700 ~500!a

3S1 6s7s 13.5 ~1.1! 12.5 ~1.5!b

15.9 ~1.9!c

1S0 6s7s 33 ~13! 45.8 ~1.0!d

3P1
o 6s6p 875 ~250! 760–875e

1294f

3P2
o 6s6p 15.0~1.5! sec 14.5 secf

1P1
o 6s6p 5 ~2! 5.1–6.4e

4.78f

aReference@27#.
bReference@33#.
cReference@34#.
dReference@28#.
eSee Ref.@35# and references therein~footnotes a–e are from ex
periment!.
fReference@22# ~theory!.
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TABLE III. Scalar and tensor polarizabilities~a.u.! of low-lying levels of Yb. Theoretical accuracy i
indicated where analysis was possible; otherwise, the numbers should be considered as estimates.

Theory Experiment
Level Config. a0 a2 a2

1S0 6s2 118 ~45!
3D1 5d6s 47 22 28~4!a

3D2 5d6s 36 17 28~8!a

3D3 5d6s 29 118 ~24!
1D2 5d6s 4 150
1S0 6s7s 2072
3S1 6s7s 2030 0.8

3P0
o 6s6p 252 ~25!

3P1
o 6s6p 278 ~15! 24.3 ~1.5! 24.06~1.37!b

24.26~0.84!c

23.33~0.52!d

3P2
o 6s6p 383 ~32! 276(6)

1P1
o 6s6p 501 ~200! 2118(60) 257.4(5.6)b

aReference@23#.
bReference@36#.
cReference@37#.
dReference@31#.
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lations, and are connected with the inaccuracy in the w
functions and the effective operators~note that the RPA cor-
rections to the dipole operator are much smaller than for
operators!. The additional source of error is the inaccuracy
eigenvalues. Finally, solving Eq.~14! we did not account for
the configurations 4f 13nln8l 8n9l 9. Fortunately, the state
from these configurations that can be reached by o
electron transitions from the levels studied here have la
energies. The estimates show that the contribution off-shell
polarization to the polarizabilities of the states listed in Ta
III does not exceed 2–3 a.u.

The final accuracy of the calculations is very different f
different levels. For instance, 95% of the polarizability of t
ground state1S0(6s2) is due to the MÊ 1S0uDu1P1

o(6s6p)&.
Supposing that this ME is calculated with an accuracy
20%, the accuracy fora0(1S0) will be about 40%~the cor-
responding transition frequency is reproduced almost ide
@1#!. It should be pointed out that even taking into accou
the large uncertainty of our result, it significantly diffe
from a0(1S0)5266 a.u. obtained in Ref.@30# where the
Hartree-Fock method was used.

For the DJ (5d6s) states the situation is more comp
cated. There are large cancellations between the contr
tions of PJ

o(6s6p) states and higher-lying states. For th
reason their polarizabilities are small and the role of differ
small contributions is enhanced. Thus, analysis of the ac
racy becomes difficult; only for the tensor polarizability
3D3(5d6s) state we can estimate the accuracy to be 20
All other values ofa0 anda2 for the DJ(5d6s) states pre-
sented in Table III are order of magnitude estimates.

The scalar polarizabilities of the levels3S1(6s7s) and
1S0(6s7s) are basically determined by the ME
^SJ8(6s7s)uDuPJ

o(6s7p)&. Because of the closeness of th
f 135d26s states we failed to obtain reliable wave functio
for the PJ

o(6s7p) states. Consequently, the values f
e

fs

e-
e

e

f

ly
t

u-

t
u-

.

a0„
3S1(6s7s)… and a0„

1S0(6s7s)… are also only order of
magnitude estimates.

Now let us consider the odd-parity states. The accurac
a0 and a2 for the 3PJ

o(6s6p) triplet is 6–10%. The main
contribution here comes from the3DJ(5d6s) multiplet and
there are no cancellations because all of the important le
of opposite parity lie above and hence contribute with
same sign. The accuracy fora0 of the 1P1

o(6s6p) state is
about 40% and is even worse~50%! for a2. This is a conse-
quence of the large contribution to these polarizabilities fr
the intermediate state1S0(6s7s) ~see above!.

In Ref. @31# the Stark shift of the 1S0(6s2)
→3P1

o(6s6p) transition in ytterbium was measured. Th
Stark shift rate was found to beK5261.924(0.193) a.u. In
terms of polarizabilities it can be written as:

K52 1
2 $a0~3P1

o!22a2~3P1
o!2a0~1S0!%.

Using the numbers from Table III, we find thatK
5255(9) a.u., in good agreement with the experimen
result @31#.

In Ref. @23#, the Stark shifts for the 1S0(6s2)
→3D1,2(5d6s) transitions were observed. These shifts d
pend on the differences in scalar polarizabilities„a0(1S0)
2a0(3D1,2)…:

a0~1S0!2a0~3D1!5H 71 theory

86 ~3! experiment,

a0~1S0!2a0~3D2!5H 82 theory

80 ~4! experiment,

where theoretical values are taken from Table III.
The method used here allows us to calculate not o

static polarizabilities, but also the Stark-induced amplitud
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for different transitions. For instance, the magnitude of
vector-transition polarizability ubu for the 1S0(6s2)
→3D1(5d6s) transition was calculated to be 122~12! a.u.,
in good agreement with our previous calculation 138~30!
a.u. @32# and experimental result 113~15! a.u. @23#.

IV. CONCLUSION

Application of the effective operator technique to the Y
atom is hampered by the existence of the shallow 4f shell.
Nevertheless, it is possible to make reliable calculations
different atomic properties including transition frequenci
hyperfine constants,E1 amplitudes, lifetimes, and polariz
. B

. A

.
Z

. A

.

. A

.

m,

s

d.
e

f
,

abilities for many low-lying energy levels. It is of a particu
lar importance that, with some caution, calculations can
done even for levels that lie above the core-excitation thre
old, which is at 23189 cm21.
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