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Blackbody Radiation Shifts in Optical  
Atomic Clocks

Marianna s. safronova, Mikhail G. Kozlov, and charles W. clark

Abstract—A review of recent theoretical calculations of 
blackbody radiation (BBR) shifts in optical atomic clocks is 
presented. We summarize previous results for monovalent ions 
that were obtained by a relativistic all-order single-double 
method, where all single and double excitations of the Dirac-
Fock wave function are included to all orders of perturba-
tion theory. A recently developed method for accurate calcula-
tions of BBR shifts in divalent atoms is then presented. This 
approach combines the relativistic all-order method and the 
configuration interaction method, which provides for accurate 
treatment of correlation corrections in atoms with two valence 
electrons. Calculations of the BBR shifts in B+, Al+, and In+ 
have enabled us to reduce the present fractional uncertain-
ties in the frequencies of their clock transitions as measured 
at room temperature: to 4 × 10−19 for Al+ and 10−18 for B+ 
and In+. These uncertainties approach recent estimates of the 
limits of precision of currently proposed optical atomic clocks. 
We discuss directions of future theoretical developments for 
reducing clock uncertainties resulting from blackbody radia-
tion shifts.

I. Introduction

The International system of Units (sI) defines the unit 
of time, the second, as “the duration of 9 192 631 770 

periods of the radiation corresponding to the transition 
between the two hyperfine levels of the ground state of 
the cesium 133 atom,” meaning, to be precise, “a cesi-
um atom at rest at a temperature of 0 K” [1]. however, 
in light of recent advances in optical measurements, the 
sI governance body has recommended several radiation 
sources for secondary realizations of the sI second, nota-
bly certain optical transitions of trapped cold atoms and 
ions such as sr+, hg+, yb+, and sr [1]–[3]. In 2010, the 
27al+ 3s2 1s0–3s3p 3P0 transition was used to construct a 
quantum-logic optical clock with an estimated fractional 
frequency uncertainty of 8.6 × 10−18 [4]. development of 
such precise frequency standards opens the way to appli-
cations such as precise measurements of time variation of 
the fundamental constants, testing of physics postulates, 

geodesy, inertial navigation, magnetometry, and tracking 
of deep-space probes [5], and potentially to a more precise 
definition of the second.

any definition of the second should be based on a clock 
decoupled from its particular environment. Thermal fluc-
tuations of the electromagnetic field—blackbody radiation 
(BBr)—are pervasive and can only be suppressed by cool-
ing the clock. Through the ac stark effect, the BBr at any 
nonzero temperature induces small shifts in atomic energy 
levels. at room temperature, the differential BBr shift 
of the two levels of a clock transition makes one of the 
largest irreducible contributions to the uncertainty budget 
of optical atomic clocks. Thus, measured clock transition 
frequencies must be corrected in practice for the effect of 
the BBr shift, which is quite difficult to measure directly.

In this paper, we review the current status of the the-
oretical calculations of BBr shifts in optical frequency 
standards. We consider the most recent developments in 
improving the accuracy of BBr shifts in ca+ and al+. In 
the latter case, our recent calculations reduce the fraction-
al frequency uncertainty to 4 × 10−19, which is close to 
the fundamental limits of cooled ion frequency standards 
because of effects such as micromotion in the trap [6], [7]. 
We present new calculations of BBr shifts for B+ and 
In+, which are candidates for quantum-logic spectroscopy 
as used with al+ [8]. We also discuss future possibilities 
for improvement of theoretical calculations of BBr shifts 
in various systems.

The overall BBr shift of the clock frequency is the dif-
ference between BBr shifts of the initial and final levels 
involved in the transition. It is related to the difference of 
the static electric-dipole polarizabilities between the clock 
states, Δα0, by [9]

 ∆ ∆ν α ηBBR V/m
(K)

=
1
2(831.9 ) 300 (1 ),2

4

0− ( ) +
T

 (1)

where η is a small dynamic correction resulting from the 
frequency distribution of the BBr field. Evaluation of η 
requires knowledge of the electric-dipole matrix elements 
of the transitions that make the dominant contributions to 
the polarizabilities. higher multipolar contributions to the 
BBr shift are suppressed by powers of the fine structure 
constant, α, and are insignificant in present uncertainty 
budgets. For example, magnetic-dipole (M1) contributions 
are suppressed by a factor of α2 [9]; we estimate the M1 
contribution to the al+ BBr shift to be less than 10−5 hz, 
which is negligible at the present level of accuracy [10].

For optical versus microwave transitions, the polariz-
abilities of the two clock states are, in principle, com-
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pletely independent. Theoretical evaluation of the BBr 
shift requires accurate calculation of the polarizabilities of 
the individual states. only the scalar part of the polariz-
ability contributes to the BBr shift, because any tensor 
component of the polarizability averages out as a result of 
the isotropy of blackbody radiation.

a useful figure of merit for the frequency standard is 
the fractional BBr shift, ΔνBBr/ν0, where ν0 is the ab-
solute transition frequency. a summary of the fractional 
BBr shifts and their uncertainties at T = 300K is given 
in Table I for various atomic transitions [9]–[17]. We also 
give the fractional BBr shifts in rb and cs microwave 
frequency standards [11], [12] to demonstrate their size 
relative to the BBr shifts in optical frequency standards. 
To the best of our knowledge, the values with the small-
est uncertainty of the BBr shift at T = 300K are listed 
for each frequency standard. This uncertainty does not 
include uncertainty resulting from imperfect temperature 
control. With the exception of the cs value [12], all data 
are results of the theoretical calculations.

From the theoretical standpoint, the number of the va-
lence electrons (and the presence of core holes) defines the 
most accurate theoretical approach that can be used. For 
example, calculations of the BBr shift in ca+ and sr+ 
have the same degree of complexity, but the treatment 
of sr is considerably more involved than that of sr+. The 
main sources of uncertainties in these cases also differ. 
Most of the present optical clock proposals involve either 
monovalent or divalent systems, with yb+, hg+, and ag 
being notable exceptions because of low-lying excitation 
energies of their subvalence electrons. We discuss monova-
lent and divalent systems separately, and outline possible 
approaches for treating other systems.

II. Monovalent Ions: ca+ and sr+

Both ca+ and sr+ ions are monovalent systems with 
atomic structure similar to that of their alkali neighbors, 
K and rb. however, in the ions, the lowest nd states lie 

below the lowest np state, leading to the possibility of 
using these low-lying metastable nd states for the develop-
ment of optical frequency standards.

The overall BBr shift of the ca+ 4s–3d5/2 and sr+ 
5s–4d5/2 clock transition frequencies is calculated as the 
difference between the BBr shifts of the individual levels 
involved in the transition. For example, in the case of ca+, 
the BBr shift is given by

 
∆ν α αBBR
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The polarizability difference, Δα0, is negative when the 
upper state polarizability is smaller than the lower state 
polarizability. a negative polarizability difference means 
the frequency shift is positive. Both ca+ and sr+ polariz-
abilities can be obtained using the same approaches as for 
the alkali-metal atoms, because of their similar electronic 
structure. The most accurate calculations of the relevant 
ns and nd5/2 polarizabilities in these systems have been 
recently carried out using the relativistic all-order method 
[13], [14].

The relativistic all-order method including single-, dou-
ble-, and partial-valence triple excitations has been applied 
to accurate calculations of energies, transition amplitudes, 
hyperfine constants, static and dynamic electric-dipole 
polarizabilities, quadrupole and octupole polarizabilities, 
magic wavelengths, atomic quadrupole moments, C3 and 
C6 coefficients, isotope shifts, and other properties of a 
large number of monovalent atoms and ions as well as 
the calculation of parity-violating amplitudes and electric-
dipole moment (EdM) enhancement factors. We refer 
the reader to the review [18] and references therein for a 
detailed description of this method, its applications, and 
extensions. The accuracy of this approach is well under-
stood, which enables accurate estimation of the uncertain-
ties in calculations of the clock state polarizabilities and 
the resulting BBr shifts.

TaBlE I. summary of the Fractional BBr shifts ΔνBBr/ν0 and Their Uncertainties at  
T = 300K in Various Frequency standards. 

atom clock transition ν0 (hz) ΔνBBr/ν0

Uncertainty 
in ΔνBBr/ν0 reference

rb 5s (F = 2–F = 1) 8.34 × 109 −1.25 × 10−14 4 × 10−17 safronova et al. 2010 [11]
cs 6s (F = 4–F = 3) 9.19 × 109 −1.7 × 10−14 3 × 10−17 simon et al. 1998 [12]
ca+ 4s–3d5/2 4.11 × 1014 9.2 × 10−16 1 × 10−17 safronova et al. 2011 [13]
sr+ 5s–4d5/2 4.45 × 1014 5.6 × 10−16 2 × 10−17 Jiang et al. 2009 [14]
Mg 3s2 1s0–3s3p 3P0 6.55 × 1014 −3.9 × 10−16 1 × 10−17 Porsev et al. 2006 [9]
ca 4s2 1s0–4s4p 3P0 4.54 × 1014 −2.6 × 10−16 4 × 10−17 Porsev et al. 2006 [9]
sr 5s2 1s0–5s5p 3P0 4.29 × 1014 −5.5 × 10−15 7 × 10−17 Porsev et al. 2006 [9]
yb 6s2 1s0–6s6p 3P0 5.18 × 1014 −2.6 × 10−15 3 × 10−16 Porsev et al. 2006 [9]
hg 6s2 1s0–6s6p 3P0 1.13 × 1015 −1.6 × 10−16 hachisu et al. 2008 [15]
B+ 2s2 1s0–2s2p 3P0 1.12 × 1015 1.42 × 10−17 1 × 10−18 safronova et al. 2011 [10]
al+ 3s2 1s0–3s3p 3P0 1.12 × 1015 −3.8 × 10−18 4 × 10−19 safronova et al. 2011 [10]
In+ 5s2 1s0–5s5p 3P0 1.27 × 1015 −1.36 × 10−17 1 × 10−18 safronova et al. 2011 [10]
yb+ 6s–5d 2d3/2 6.88 × 1014 −5.1 × 10−16 1 × 10−16 Tamm et al. 2009 [16]
yb+ 6s–4f136s2 2F7/2 6.42 × 1014 −2.5 × 10−16 1 × 10−16 hosaka et al. 2009 [17]

ν0 is the absolute transition frequency.
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The valence scalar α0(v) polarizability of ca+ or sr+ in 
an excited state v is given by [in atomic units (a.u.)]

 α0
| || || |

( ) =
2

3(2 1)

2
v j

v D nlj
E Ev nlj nlj v+
〈 〉

−∑ . (3)

Unless stated otherwise, we use a.u. for all matrix ele-
ments and polarizabilities throughout this paper. We note 
that atomic units for α are converted to sI units via 
α/h[hz/(V/m)2] = 2.48832 × 10−8α [a.u.], where the con-
version coefficient is 4 0 0

3πε a h/  and the Planck constant, h, 
is factored out.

The ionic core polarizability must be added to the va-
lence term given by (3) and corrected for the presence of 
the respective valence electron (term Vc). This core cor-
rection Vc term is small and is calculated in the random 
phase approximation (rPa). This partitioning of the core 
and valence polarizability contributions is discussed in de-
tail in [19].

although the sum over the excited states in (3) con-
verges rapidly for the lower state, this is not the case for 
the upper nd5/2 state, where the contribution of highly-
excited nf7/2 states is large and must be treated accu-
rately. This problem has been recently resolved in [13] by 
performing the all-order calculation for n up to n = 26, 
resulting in factor of 3 improvement in the accuracy of 
3d5/2 polarizability over previous calculations (see [20] and 
references therein). In previous work, contributions from 
highly-excited states were calculated in the dirac-hartree-
Fock (dhF) approximation and adjusted for missing cor-
relation using a semi-empirical procedure resulting in the 
larger uncertainty [20]. We refer the reader to [13] for fur-
ther details of the most recent polarizability calculations.

We list contributions to the ca+ 3d5/2 polarizability (in 
a.u.) [13] in Table II. The final result is compared with 
other calculations [20]–[22].

substituting the values for the 4s and 3d5/2 static po-
larizabilities, 76.1(5) a.u. and 31.8(3) a.u., respectively, 
into Eq. (2) yields 0.3815(44) hz [13] for the BBr shift. 
(Uncertainties are given in parentheses.) The dynamic 
corrections were evaluated in [13] to be η = 0.0012 and η 
= 0.0044 for the 4s and 3d5/2 states, respectively, following 
[9]. The resulting dynamic correction to the BBr shift is 
only 0.1%, −0.0004 hz.

Mitroy and Zhang [21] used non-relativistic configu-
ration interaction with a semi-empirical core potential 
(cIcP) approach. The cIcP values are in good agree-
ment with our results, taking into account the accuracy 
of both calculations. The comparison with coupled-cluster 
calculations of [22] is discussed in detail in [13]. In sum-
mary, the present value of the BBr shift, 0.3811(44) hz, 
is consistent with other calculations, 0.380(14) hz [20], 
0.37(1) hz [22], and 0.368 hz [21], but is three times more 
accurate.

The all-order calculation of the BBr shift of the sr+ 
4s–3d5/2 clock transition is similar to that for ca+. The 
dynamic contribution is more significant in sr+, where it 

contributes nearly 1% (−0.002 hz) to the BBr shift of 
0.250(9) hz.

In comparison with ca+, the lower accuracy of the cal-
culated sr+ BBr shift is due to greater cancelation be-
tween polarizabilities of the upper and lower clock states. 
The individual uncertainties in the sr+ 5s and 4d5/2 static 
polarizabilities, 91.3(9) a.u. and 62.0(5) a.u., respectively, 
are about 1%, which is similar to that of the correspond-
ing states in ca+.

Further reduction of the theoretical uncertainty would 
be very difficult because it would require predicting sev-
eral E1 matrix elements to significantly better than 0.5%. 
on the other hand, experimental measurement of the dc 
stark shift of the clock transition would be essentially 
equivalent to the measurement of the BBr shift, particu-
larly for ca+, where dynamic correction contributes only 
0.1%. Very accurate measurements of the ground-state 
static polarizabilities would also lead to the improvement 
of the BBr shift values.

III. divalent systems

A. Mg, Ca, Sr, Hg, and Yb

although the all-order approach produced accurate re-
sults for BBr shifts for optical clocks based on the mon-
ovalent ions, such as ca+ and sr+, it cannot be straight-
forwardly extended to the BBr calculations in divalent 
systems such as sr or al+. The main difficulties of such 
an extension are outlined in [23]. The correlation correc-
tions associated with the interaction of valence electrons 
are very large and are described poorly by perturbative 
treatments. on the other hand, the configuration interac-
tion (cI) method is well suited for the accurate treatment 
of valence-valence correlations as long as number of the 
valence electrons is small. however, core excitations are 

TaBlE II. contributions to the 3d5/2 scalar  
Polarizability of ca+ in a0

3.  

contribution α0

4p3/2 22.78(25)
np3/2 0.03
4f5/2 0.12
nf5/2 0.17
4f7/2 2.39(5)
5f7/2 0.77(1)
6f7/2 0.35(1)
7f7/2 0.19(1)
(8–12)f7/2 0.31(1)
(13–26)f7/2 1.39(4)
nf7/2 0.27(15)
core 3.26(3)
Vc −0.23(1)
Total 31.8(3)
ref. [20] 32.0(1.1)
ref. [21] 32.73
ref. [22] 29.5(1.0)

Uncertainties are given in parentheses. The final results are compared 
with other theory [20]–[22].
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neglected or only a small number of them are included, 
leading to a significant loss of accuracy for heavy atoms. 
Therefore, an approach that combines configuration in-
teraction with many-body perturbation theory (MBPT) 
was developed in [24]. The cI+MBPT approach allows 
one to incorporate core excitations in the cI method by 
constructing an effective hamiltonian that incorporates 
certain perturbation theory terms. The cI method is then 
applied to the Heff to obtain improved energies and wave 
functions. The cI+MBPT method was used in [9] and [15] 
to calculate BBr shifts in ns2 1s0–nsnp 3P0 clock transi-
tions in Mg, ca, sr, yb, and hg. Where available, ex-
perimental data was used for the dipole matrix element 
associated with dominant contributions. The sr BBr shift 
was later investigated in more detail in [25] using the same 
approach. Table I lists the results of these calculations.

The cI+MBPT approach includes only a limited num-
ber of the core-valence excitation terms (mostly to second 
order) and it deteriorates in accuracy for heavier, more 
complicated systems. Moreover, the BBr shifts are par-
ticularly large in sr and yb, requiring higher precision of 
the calculation (or measurements) to achieve the same 
ultimate clock uncertainty.

cI+all-order method developed in [23], [26] includes 
higher-order correlations beyond second order in a sys-
tematic way, resulting in higher accuracy of the resulting 
atomic properties. We have applied this method to the 
calculation of the BBr shifts in B+, al+, and In+. This 
calculation is described in section III-B. The same ap-
proach may be also used to calculate BBr shifts in all 
other divalent systems.

The sr case requires very high accuracy of the BBr 
calculations (see [25] for detailed analysis of the sr case) 
because fractional BBr shift in this system is the largest 
among all optical cases listed in Table I. Therefore, more 
all-order corrections, such as triple excitations [18] and 
all-order corrections to the effective dipole operation may 
have to be included to significantly reduce the uncertainty.

Until recently, attempts to apply cI+all-order ap-
proach to treat yb resulted in the failure of the conver-
gence procedure used in the all-order part of the method. 
specifically, we found that the iteration procedure in 
the all-order method fails to converge for the yb2+ core 
equations because of extremely large contributions from 
the 4f shell. This all-order core calculation is necessary 
for the future use in the cI+all-order yb calculation. 
recently, this problem was resolved by using the reduced 
linear equation (rlE) stabilizer procedure [27]. There-
fore, the yb BBr shift value may be improved with the 
use of the cI+all-order method described in the next 
section.

B. Al+, B+, and In+

although the BBr shift in al+ frequency standards 
is anomalously small, its contribution becomes significant 
at the current level of precision. as noted previously, the 

BBr frequency shift of the clock transition can be related 
to the difference of the static electric-dipole polarizabilities 
between the final and initial clock states. Because of severe 
(98%) cancellation between the static polarizabilities of 
the two clock states in this frequency standard, accurate 
calculation of the BBr shift in al+ is very difficult and 
required development of new all-order methodology. We 
developed a theoretical method within the framework of 
relativistic many-body theory to accurately treat correla-
tion corrections in atoms with a few valence electrons [23]. 
This method combines the all-order approach currently 
used in precision calculations of properties of monovalent 
atoms with the configuration-interaction (cI) approach 
that is applicable for many-electron systems. In this work, 
we have extended this method to accurate calculation of 
the ground and excited state polarizabilities of divalent 
ions. The resulting polarizabilities are used to evaluate the 
BBr shifts at 300K in the ns2–nsnp 3P0 clock transitions 
in al+, B+, and In+. Frequency-dependent corrections are 
also evaluated and found to be negligible in all three cases.

In the combined cI+all-order approach used in this 
work, core excitations are incorporated in the cI method 
by constructing an effective hamiltonian using fully con-
verged all-order method mentioned in section III-a. This 
approach is described in detail in [23]. Its application to 
the polarizability calculations is described in [10]. The va-
lence part of the polarizability is determined by solving 
the inhomogeneous equation of perturbation theory in the 
valence space [28]. The ionic core contribution to the po-
larizability is calculated separately in the random-phase 
approximation (rPa). The small valence-core (Vc) term 
that corrects the ionic core polarizability for the presence 
of the valence electrons is also calculated in the rPa. 
dhF calculations are also carried out for both of these 
contributions to evaluate their uncertainties.

We note that, in our approach, the ionic core contri-
bution is the same for both clock states and so it does 
not contribute to the BBr shift. on the other hand, the 
Vc contribution differs between the two clock states. It 
is negligible for B+. It is the largest for the 3P0 polariz-
ability of In+, to which it contributes only 0.5%. however, 
its contribution to the BBr shift is much larger, 1.8% 
and 5% in al+ and In+, respectively, because of the large 
degree of cancelation between 1s0 and 3P0 polarizabilities. 
our estimate of the dominant uncertainty in this term is 
the difference of the dhF and rPa values; we assume 
that all other uncertainties do not exceed this dominant 
uncertainty. adding these uncertainties in quadrature, we 
estimate that the Vc term leads to 0.6% and 2% uncer-
tainties in the BBr shifts for al+ and In+, respectively.

To establish the accuracy of our approach to the cal-
culation of valence polarizability, we also perform cI and 
cI+MBPT [24] calculations carried out with the same 
parameters (configuration space, basis set, number of par-
tial waves, etc.). no core excitations are added in the pure 
divalent cI approach. comparison of the cI, cI+MBPT, 
and cI+all-order values allows us to evaluate the im-
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portance of the various correlation corrections, thereby 
establishing the upper bound on the uncertainty of our 
calculations.

Tables III and IV present the comparison of the experi-
mental energies of al+, B+, and In+ with those calculated 
in the cI, cI+MBPT, and cI+all-order approximations. 
The first and second column give state identification and 
the term value taken from the national Institute of stan-
dards and Technology (nIsT) critically evaluated experi-
mental data [29]. Percentage differences between experi-
mental and calculated energy levels,

ε =
E E
E

expt th

expt

−
,

are given in the last three columns. Experimental term 
values, Eexpt, are given in cm−1. Theoretical values calcu-

lated in the cI, cI+MBPT, and cI+all-order approxima-
tions are listed in the respectively labeled columns. Two-
electron binding energies are given in the first row for each 
ion; all other levels are counted from the ground state, as 
in [29]. significant improvement of the energy values is 
observed for al+ and In+ with the cI+all-order method, 
as expected because of the more complete inclusion of 
the correlation corrections in comparison with the cI and 
cI+MBPT approaches. The cI+all-order energies are 
within a few inverse centimeters (cm−1) of the experimen-
tal values for B+ and al+ for most of the levels. The accu-
racy of the In+ energy levels is sufficient for the purposes 
of the present work, i.e., replacing our theoretical energies 
by the experimental values in the dominant polarizability 
contributions leads to only a 1% change in the value of the 
BBr shift. The accuracy of the cI+MBPT method for B+ 
is already at the level of our numerical precision for most 
of the transitions.

TaBlE III. differences Between Experimental and calculated Energy levels  
of the B+ and al+ Ions. 

Ion Term Eexpt (cm−1) cI (%) cI+MBPT (%) cI+all (%)

B+ 2s2 1s0 508 818 0.2 0.007 −0.001
2p2 3P0 98 911 −1.0 −0.114 −0.005
2p2 3P1 98 920 −1.0 −0.116 −0.007
2p2 3P2 98 933 −1.1 −0.124 −0.015
2p2 1d2 102 363 −0.8 −0.188 −0.113
2p2 1s0 127 661 −0.5 −0.264 −0.223
2s3s 3s1 129 774 0.2 0.010 0.014
2s3s 1s0 137 622 −0.2 −0.116 −0.093
2s3d 3d1 150 650 0.2 −0.005 −0.004
2s3d 3d2 150 650 0.2 −0.006 −0.004
2s3d 3d3 150 650 0.2 −0.006 −0.005
2s2p 3P0 37 336 −0.7 −0.028 0.043
2s2p 3P1 37 342 −0.7 −0.040 0.037
2s2p 3P2 37 358 −0.8 −0.054 0.020
2s2p 1P1 73 397 −1.3 −0.395 −0.272
2s3p 3P0 143 989 0.1 0.004 0.009
2s3p 3P2 143 990 0.1 0.003 0.008
2s3p 3P1 143 993 0.1 0.002 0.008
2s3p 1P1 144 103 0.04 −0.016 −0.004

al+ 3s2 1s0 381 308 1.2 0.043 0.006
3p2 1d2 85 481 2.3 0.071 −0.022
3s4s 3s1 91 275 1.4 0.068 0.015
3p2 3P0 94 085 1.6 0.036 0.008
3p2 3P1 94 147 1.6 0.032 0.004
3p2 3P2 94 269 1.6 0.024 −0.004
3s4s 1s0 95 351 1.4 0.053 0.003
3s3d 3d3 95 549 1.4 −0.002 −0.026
3s3d 3d2 95 551 1.4 −0.002 −0.026
3s3d 3d1 95 551 1.4 −0.001 −0.025
3s3p 3P0 37 393 3.1 0.151 0.007
3s3p 3P1 37 454 3.1 0.140 0.008
3s3p 3P2 37 578 3.1 0.120 −0.017
3s3p 1P1 59 852 0.4 −0.175 −0.141
3s4p 3P0 105 428 1.4 0.068 0.020
3s4p 3P1 105 442 1.4 0.067 0.020
3s4p 3P2 105 471 1.4 0.065 0.018
3s4p 1P1 106 921 1.3 0.046 0.007

The two-electron binding energies are listed in the first row for each ion; all other levels are measured from the 
ground state. The three rightmost columns are results of the different methods labeled in the text: configuration 
interaction (cI), configuration interaction with many-body perturbation theory (cI+MBPT), and configuration 
interaction plus all-order method (cI+all).
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The breakdown of the contributions to the ns2 1s0 and 
nsnp 3P0 polarizabilities α0 of B+ (n = 2), al+ (n = 3), 
and In+ (n = 5) is given in Table V. absolute values of 
the corresponding reduced electric-dipole matrix elements 
are listed in column labeled d in units of a0e. The ionic 
core polarizability and the Vc term that corrects it for 
the presence of the valence electrons are listed in rows 
labeled core and Vc. The final polarizability values are 
listed in rows labeled Total. We subtract the values of the 
terms listed separately in Table V from our total valence 
polarizability values to obtain the remaining contributions 
that are listed in the rows labeled other. our dominant 
contributions for al+ are in excellent agreement with cI 
calculations with a semi-empirical core potential (cIcP) 
of Mitroy et al. [30]. note that al+ is anomalous in this 
table for the near equality (within 2%) of the polarizabili-
ties of its upper and lower states, especially because the 
polarizability of the lower state is completely dominated 
by the contribution from a single transition, whereas the 
upper state has substantial contributions from three dif-
ferent configurations.

We note that the oscillator strengths fgn can be ob-
tained from the reduced matrix elements to compare with 
standard tabulations by using

 f
D E
Jgn
gn ng

g
=

2
3(2 1),

2 ∆
+

 (4)

where ΔEng = En − Eg and Jg = 0 for the present clock 
states [19].

We investigate the uncertainty resulting from the inclu-
sion of the core excitations by comparing the difference 
Δα0 calculated in the cI, cI+MBPT, cI+all-order ap-
proximations. These results are summarized in Table V. 
We find that the entire contribution of core excitations to 
the BBr shift, estimated as the difference of the cI+all-

order and cI values Δα0 is only 3%, 5%, and 16% for 
B+, al+, and In+, respectively. The difference between 
cI+MBPT and cI+all-order values is 0.4% for B+ and 
al+, and 1.7% for In+. Therefore, we place an upper 
bound on the uncertainty of our BBr values at 10% for 
all three cases.

our final results are summarized in Table VI [10], where 
we list the polarizability difference Δα0, BBr shift at T = 
300K, relative BBr shift ΔνBBr/ν0, and the uncertainty 
in the relative BBr shift for B+, al+, and In+. We find 
that dynamic corrections are very small for both states 
and nearly equal for both states. Their contributions to 
BBr shift are thus negligible for all three ions. our BBr 
shift value in al+ ΔνBBr = −0.00426(43) hz is in agree-
ment with cIcP value of Mitroy et al. [30] and recent 
coupled-cluster calculation [31]. It is also consistent with 
the experimental measurement ΔνBBr = −0.008(3) hz 
from [32]. The values of η for al+ are in agreement with 
those of [30].

IV. other systems

although the ground state of yb+ is a single-particle 
configuration, 4f146s 2s1/2, the first excited configuration 
in this system is a one-hole two-particle state, i.e., 4f136s2 
2F7/2. Both this configuration and the next excited config-
uration, 4f145d 2d, are metastable, as electric-dipole tran-
sitions to the ground state are forbidden. Therefore, yb+ 
is particularly well suited for the development of optical-
frequency standards because two different types of transi-
tions (quadrupole and octupole) may be used [2], [16], [17].

although the single-particle states of yb+ such as the 
ground and the 4f145d 2d configurations can be treated 
with the all-order approach, the results may not be as 
accurate as for monovalent systems, such as cs or even 

TaBlE IV. differences Between Experimental and calculated Energy levels of the In+ Ion. 

Ion Term Eexpt (cm−1) cI (%) cI+MBPT (%) cI+all (%)

In+ 5s2 1s0 378 299 5.8 −1.1 −0.25
5s6s 3s1 93 923 8.8 −1.5 −0.42
5s6s 1s0 97 030 8.1 −1.5 −0.48
5p2 1d2 97 628 10.5 −2.3 −0.66
5p2 3P0 101 608 7.0 −1.8 −0.42
5s5d 3d1 102 088 8.6 −1.4 −0.30
5s5d 3d2 102 174 8.6 −1.4 −0.30
5s5d 3d3 102 308 8.6 −1.4 −0.31
5p2 3P1 103 249 7.2 −1.9 −0.44
5p2 3P2 105 565 7.3 −1.9 −0.45
5s5p 3P0 42 276 13.2 −3.7 −1.08
5s5p 3P1 43 351 13.0 −3.6 −0.97
5s5p 3P2 45 830 13.0 −3.6 −1.06
5s5p 1P1 63 038 4.2 −0.4 −0.09
5s6p 3P0 107 662 8.1 −1.4 −0.34
5s6p 3P1 107 842 8.0 −1.4 −0.34
5s6p 3P2 108 430 8.0 −1.4 −0.35
5s6p 1P1 109 780 7.4 −1.3 −0.35

The two-electron binding energy is listed in the first row; all other levels are measured from the ground state. 
The three rightmost columns are results of the different methods labeled in the text: configuration interaction 
(cI), configuration interaction with many-body perturbation theory (cI+MBPT), and configuration interaction 
plus all-order method (cI+all).
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heavier ra+ owing to very large correlation corrections 
and mixing of the one-hole two-particle configuration. 
however, accuracy of the BBr shift for the quadupole 
transition may be improved with the all-order approach 
such as described above for ca+. such calculations have 
not yet yet been performed owing to the convergence issue 
in the yb2+ core equations described in section III-a that 
was resolved only recently [27].

at the present time, there is no approach that can 
produce accurate predictions of the properties of actual 

one-hole two-particle configurations such as 4f136s2 2F7/2 
in yb+. The best possible theoretical approach may be 
to develop a cI+MBPT method that can treat one-hole 
two-particle configurations. The particle-hole formalism 
provides more efficient treatment of the states with more-
than-half filled shells. It is particularly useful for almost-
filled shells with no more than one hole. Generalization of 
the cI+MBPT approach to systems with holes requires 
significant modifications. The main problem here is avoid-
ing double counting of the correlation corrections.

TaBlE V. contributions to the ns2 1s0 and nsnp 3P0 Polarizabilities α0 of B+, al+, and In+ in a3
0.  

Ion state contribution D α0

B+ 2s2 1s0 2s2 1s0–2s2p 1P1 2.118 8.918
2s2 1s0–2s3p 1P1 0.320 0.104
other 0.582
core 0.020
Vc 0.000
Total 9.624

B+ 2s2p 3P0 2s2p 3P0–2p2 3P1 1.354 3.216
2s2p 3P0–2s3s 3s1 0.476 0.754
2s2p 3P0–2s3d 3d1 1.175 1.517
other 2.267
core 0.020
Vc −0.001
Total 7.772

al+ 3s2 1s0 3s2 1s0–3s3p 1P1 3.113 23.661
3s2 1s0–3s4p 1P1 0.045 0.003
other 0.138
core 0.265
Vc −0.019
Total 24.048

al+ 3s3p 3P0 3s3p 3P0–3s4s 3s1 0.900 2.197
3s3p 3P0–3p2 3P0 1.836 8.687
3s3p 3P0–3s3d 3d1 2.236 12.568
other 0.836
core 0.265
Vc −0.010
Total 24.543

In+ 5s2 1s0 5s2 1s0–5s5p 1P1 2.977 20.554
5s2 1s0–5s6p 1P1 0.123 0.020
other 0.261
core 3.220
Vc −0.041
Total 24.014

In+ 5s5p 3P0 5s5p 3P0–5s6d 3s1 1.015 2.921
5s5p 3P0–5s5d 3d1 2.189 11.755
5s5p 3P0–5p2 3P1 1.664 6.649
other 1.645
core 3.220
Vc −0.170
Total 26.019

absolute values of the corresponding reduced electric-dipole matrix elements are listed in the column labeled D 
in a0e. Final polarizability values are listed in rows labeled Total.

TaBlE VI. BBr shifts at T = 300K in B+, al+, and In+. 

Ion Δα0 ( )a3
0 ΔνBBr (hz) |ΔνBBr/ν0| Uncertainty

B+ −1.851 0.0159(16) 1.42 × 10−17 1 × 10−18

al+ 0.495 −0.00426(43) 3.8 × 10−18 4 × 10−19

In+ 2.01 −0.0173(17) 1.36 × 10−17 1 × 10−18
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The hg+ case is similar to that of yb+, but because the 
hg+ trap is operated at cryogenic temperatures [7], the 
BBr shift is negligible.

V. conclusion

In summary, we have reviewed the present status of 
BBr shift calculations for several optical frequency stan-
dards. recent calculations of BBr shifts in ca+, B+, al+, 
and In+ were described in more detail. our calculations of 
the BBr shifts in B+, al+, and In+ reduced the ultimate 
uncertainties resulting from this effect at room tempera-
ture to the 10−18 level for B+ and In+ and to 4 × 10−19 
for al+. These uncertainties approach recent estimates of 
the feasible precision of currently proposed optical atomic 
clocks. Possible theoretical approaches that may reduce 
uncertainties resulting from BBr shifts in other systems 
were discussed.
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