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Using effective operators in calculating the hyperfine structure of atoms
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We propose a method for calculating the hyperfine structure~hfs! of multielectron atoms based
on a combination of configuration superposition and many-body perturbation theory. The
latter is used to construct an effective Hamiltonian and an effective hfs operator in configurational
space. The method can be applied in calculations of the matrix elements of any one-electron
operators. By way of an example we calculate the magnetic hfs constantA for several lowest levels
of neutral thallium. We show that the method achieves a calculation accuracy of about 1%,
which earlier was possible only for atoms with a single valence electron. ©1998 American
Institute of Physics.@S1063-7761~98!00611-8#
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1. INTRODUCTION

Recently we proposed a method for calculating the lo
est energy levels of multielectron atoms.1 The calculations
done for Tl ~Ref. 1! and Ca, Sr, Ba, and Yb~Refs. 2 and 3!
demonstrated its effectiveness. In this paper we wish to s
that the method can be used to calculate not only ener
but also other observables, such as the hyperfine struc
~hfs! constants and transition amplitudes. For the sake
definiteness we focus on calculations of the magnetic dip
hfs constant. Generalization to other one-electron opera
is obvious. Not that hfs calculations are one of the main te
in calculating amplitudes that do not conserve spatial par

At present several methods for calculating multielectr
atoms are available. For atoms with one electron in addi
to the electrons in filled shells there is the many-body p
turbation theory in the residual Coulomb interaction~see,
e.g., Ref. 4!. For atoms with several valence electrons th
is the configuration-superposition method and the multic
figuration Hartree–Fock method.5 Lately the coupled-cluste
method has gained wide acceptance.6–8 The hfs constants
have been repeatedly calculated by all these methods~see,
e.g., Refs. 9–14!.

The most complicated problem encountered in atom
calculations is the need to correctly account for the corre
tions between valence electrons and the correlations inco
rating core electrons. Correlations of the first type are
strong to be accounted for by ordinary many-body pertur
tion theory. However, if the number of the valence electro
is not too large, these correlations are taken into acco
fairly well by the configuration-superposition method or t
multiconfiguration Hartree–Fock method. Correlations of
second type are accounted for more simply by many-b
perturbation theory, since the number of configuratio
needed to describe these correlations by the configura
superposition method or the multiconfiguration Hartre
Fock method is too large.
8851063-7761/98/87(11)/6/$15.00
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All this suggests a combination of the configuratio
superposition method and many-body perturbation theo
The latter is used to set up an effective Hamiltonian for
valence electrons. After that the Schro¨dinger equation with
the effective Hamiltonian can be solved by th
configuration-superposition method. At this stage only v
lence electrons are accounted for explicitly. In Ref. 1
showed that the Brillouin–Wigner perturbation theory a
the ordinary diagrammatic technique are sufficient for co
structing the effective Hamiltonian. In the present paper
discuss the setting-up of effective Hamiltonians for other o
servables.

In Sec. 2 we define the valence subspace and give
main formulas for the effective Hamiltonian. Section 3
devoted to a discussion of other effective operators. In Se
we calculate the hyperfine structure in thallium.

2. EFFECTIVE HAMILTONIAN FOR VALENCE ELECTRONS

Here we are interested in low-energy atomic states w
energiesEi2E0,«, whereE0 is the ground-state energy o
the atom. Then to a first approximation we can assume
the inner electrons, whose Hartree–Fock energies«n are
much higher~in absolute value! than«, form a core, which is
described by the wave function

Ccore5~Nc! !21/2 det~f1 ,f2 , . . . ,fNc
!, ~1!

hHFD5«nfn , ~2!

wherehHFD is the Hartree–Fock–Dirac operator. Althoug
this operator is used to define the atomic core, it may inc
porate the field of all the valence electrons or of several s
electrons. For instance, below we examine thallium as
atom with three valence electrons and the co
@1s2 . . . 5d10#, while the hHFD operator is set up for the
1s2 . . . 5d106s2 configuration ~the VN21 approximation,
whereN is the number of electrons in the atom!.
© 1998 American Institute of Physics
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We call the subspace of the multielectron statesC for
which the core electrons are in state~1! the valence subspac
and introduce the projectorP on this subspace. The comple
mentary subspace, with a corresponding projectorQ51
2P, is characterized by the fact that at least one of the c
electrons is excited to states lying higher thanfNc

.
The Schro¨dinger equation

HC5EC ~3!

can be shown1 to be equivalent to the following equation i
the P space for the functionF5PC:

@PHP1S~E!#F5EF, ~4!

S~E!5PV8RQ~E!V8P, ~5!

whereV8 is the operator of the residual Coulomb interactio
andRQ(E) is the Green’s function in theQ space, i.e.,

V8[H2H0 , ~6!

RQ~E!5Q
1

E2QHQ
Q. ~7!

The operatorH0 can be expressed in terms of the operato
Eq. ~2! as follows:

H05(
i 51

N

hHFD~r i !2W. ~8!

The constantW appears on the right-hand side of this equ
tion because the sum of single-particle energies«n allows for
the electrostatic interaction of the electrons between e
other twice and cannot serve as a good approximation for
total energyE of the atom. This constant can be found fro
the condition1

^CcoreuH0uCcore&5^CcoreuHuCcore&[Ecore, ~9!

or ^F0uH0uF0&5^F0uHuF0&, whereF0 is the ground-state
wave function of the atom. Finally, this constant can be u
as an adjustable parameter, selected by the best matc
tween theory and experiment. Note that in the lowest per
bation order for the operatorS(E), the redefinition of this
constant asW→W1d is equivalent to a shift in energy
S(E)→S(E1d).

The solutions of Eqs.~3! and ~4! are related by

C5@P1RQ~E!V8P#F, ~10!

which impliesF5PC.
The orthonormalization condition̂C i uCk&5d i ,k can be

approximately reduced to a condition imposed on the fu
tions F,

^F i u12]ES~Ē!uFk&'d i ,k , ~11!

whereĒ'(Ei1Ek)/2. Note that of the equations in~4!–~11!
only the last is an approximation.

It is natural to call the operator in the square brackets
Eq. ~4! the effective HamiltonianHeff for the valence elec-
trons. Equations~4!–~7! make it possible to use this Hami
tonian for implementing the usual methods of many-bo
perturbation theory and, in particular, the diagramma
re
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technique.1,2 To this end we use the representation of t
exact Green’s function in terms of the Green’s function
the Hartree–Fock–Dirac representation:

RQ~E!5RQ
0 ~E!1RQ

0 ~R!V8RQ~E!, ~12!

RQ
0 ~E!5Q

1

E2QH0Q
Q. ~13!

3. EFFECTIVE OPERATORS FOR VALENCE ELECTRONS

We assume that we know the solutions of Eq.~4!, which
we will use to find an observablea corresponding to the
one-electron operatorA:

a5^CuAuC&. ~14!

We define an effective operatorAeff such that

a5^FuAeffuF&. ~15!

Combining ~10!, ~14!, and ~15!, we arrive at an expressio
for Aeff :

Aeff5PAP1PV8RQ~E!AP1PARQ~E!V8P

1PV8RQ~E!ARQ~E!V8P. ~16!

Equations~12! and ~16! allow the operatorAeff to be ex-
panded in a power series inV8. Unfortunately, in most case
this series converges very slowly, so that usually instead
the consistent perturbation-theory approach one uses
proximations that partially allow for all orders inV8. The
random-phase approximation~RPA! is the one most often
used in this case~see, e.g., Ref. 15!. Let us see how this
approximation agrees with Eq.~16!.

On the right-hand side of Eq.~16!, the operatorA is
always combined with the exact Green’s function. We int
duce a new operatorÃ such that

S APP APQRQ

RQAQP RQAQQRQ
D 5S ÃPP ÃPQRQ

0

RQ
0 ÃQP RQ

0 ÃQQRQ
0 D , ~17!

whereAPP[PAP, etc. If we were able to constructÃ, we
would easily derive the operatorAeff , since by substitutingÃ
into Eq. ~16! we arrive at a situation in which all exac
Green’s functions are replaced by Hartree–Fock Gree
functions. Equation~17! is equivalent to the following sys
tem of operator equations:

ÃPP5APP , ~18!

ÃPQ5APQ1ÃPQRQ
0 V8Q, ÃQP5ÃPQ

† , ~19!

ÃQQ5AQQ1ÃQQRQ
0 V8Q1QV8RQ

0 ÃQQ

2QV8RQ
0 ÃQQRQ

0 V8Q. ~20!

The RPA equations for the core electrons~Fig. 1! resemble
Eqs.~19! and~20!. The main difference between the operat
Ã and the RPA operatorARPA is that the former is not single
particle. Moreover, the random-phase approximation d
not incorporate a number of single-particle corrections
lowed by Eqs.~19! and ~20!. However, the most importan
terms of Eqs.~19! and~20! are taken into account byARPA.
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FIG. 1. Diagrammatic representation of th
random-phase approximation method for the co
A small filled circle stands for the bare matrix ele
ment of the one-electron operatorA, and a large
filled circle corresponds to a similar matrix eleme
in the random-phase approximation. The wavy lin
stands for the Coulomb interaction.
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All this implies that we can write an approximate equ
tion for the effective operator~16!,

Aeff'PAP1PV8RQ
0 ~E!ARPAP

1PARPARQ
0 ~E!V8P. ~21!

The equation does not contain a term similar to the fou
term on the right-hand side of Eq.~16!. This term is partially
included in the second and third terms. The remaining p
corresponds to what is known as structural radiation, wh
in most cases is very weak.14

Equation~21! also resembles the RPA equation for v
lence electrons. However, in addition to the RPA diagra
~Fig. 2a!, this equation contains two additional types of d
gram ~Figs. 2b and 2c!. The diagrams of Fig. 2b can b
called subtractional~SBT! by analogy with similar diagrams
for the operatorS ~Ref. 1!. They appear only when th
Hartree–Fock operator, which incorporates the field of~sev-
eral! valence electrons, is used to solve the RPA equation
should be recalled that such an operator is used in settin
the core wave function~1!. The diagrams in Fig. 2c corre
spond to the two-particle correctionsATP to the effective
operator. There is also an important type of diagram~Fig.
2d! not included in the approximation~21!. Such diagrams
refer to a higher order in the many-body perturbation theo
-
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but their contribution is extremely large, while similar dia
grams in which theARPA vertex is connected to the other pa
of the diagram by a particle line rather than by a hole line
taken into account when~21! is substituted in~15!.

Combining all these corrections, we arrive at an appro
mate expression for the effective operator:

Aeff'P~ARPA1ASBT1ATP1As!P, ~22!

where the four terms on the right-hand side correspond to
four types of diagram in Figs. 2a–2d. Below, in calculati
the hfs constants, we use Eqs.~15! and ~22!. We note once
more that this approximation allows only for the first ord
of many-body perturbation theory. Even in second ord
there are corrections of the structural-radiation type, wh
are not included in~22!. On the other hand, Eq.~22! takes
into account some of the most important higher-order corr
tions.

To conclude this section we note that the operatorAeff is
used to solve Eq.~4!. This means that excitations of valenc
electrons are taken into account in all orders, which guar
tees an accuracy higher than that achieved by many-b
perturbation theory.
c-
FIG. 2. Diagrammatic representation of the effe
tive operatorAeff for the valence electrons:~a! the
random-phase approximationARPA, ~b! the subtrac-
tional correctionASBT , ~c! the two-particle correc-
tion ATP , and~d! the self-energy correctionAs . A
filled square stands for the self-energy block~e!.
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4. CALCULATIONS OF THE HYPERFINE STRUCTURE

In the point-nucleus approximation, the operator of t
magnetic hyperfine structure has the form

Hhfs5
mnm0

I

I–~a3r !

r 3
, ~23!

wheremn is the magnetic moment of the nucleus,m0 is the
Bohr magneton, anda is the Dirac matrix. For a finite
nucleus, this expression can be used only ifr .r n holds,
wherer n is the radius of the nucleus. Inside the nucleus
hfs operator depends on the nuclear structure rather tha
the magnetic moment of the nucleus. The exact formulas
be found in Ref. 13. There it is also shown that the cor
sponding corrections are extremely small, so that here we
an approximation in which inside the nucleus the dep
dence of the operator~23! on the radius, 1/r 3, is replaced by
r /r n

4 . Such an approximation is quite sufficient if we need
accuracy of about 1%.

We begin our calculations of the hyperfine structure
the thallium atom by constructing an effective Hamiltoni
and solving Eq.~4!. This part of our calculations differs
somewhat from the procedure adopted in Ref. 1. We
larged the basis set of the radial functions, which now
cludes orbitals up to 21s, 21p, 21d, 18f , 18g, and 14h ~the
procedure of constructing orbitals is similar to the one
scribed in Refs. 1, 16, and 17!. We also significantly in-
creased the number of configurations. Moreover, in calcu
ing the diagrams for the operatorS(E) we also calculated
their first energy derivatives. This made it possible to all
in the first approximation for the energy dependence of
matrix elements of the effective Hamiltonian. The thalliu
spectrum calculations employed an effective Hamiltonian
different valence electrons, which, as noted earlier, co
sponds to different constantsW in ~8!. We found that the
agreement with the experimental spectrum is best w
S(E) is taken at an energyEval5E2Ecore521.64 a.u.~see
Table I!.1) What is important is that the low-energy part
the spectrum of neutral thallium was well reproduced
these calculations and the valence energy of the ground
was found to coincide perfectly with the experimental va
of 2.0722 a.u.19

TABLE I. Valence energies of several lowest levels of Tl.

DE, cm21

Level Eval , a.u. Calculation Experiment18

6p1/2 22.072 084 0 0
6p3/2 22.036 471 7808 7793
7s1/2 21.951 435 26 472 26 478
7p1/2 21.916 363 34 169 34 160
7p3/2 21.911 804 35 170 35 161
6d3/2 21.907 348 36 148 36 118
6d5/2 21.907 011 36 222 36 200

Note: The effective Hamiltonian was set up for the energyEval

521.64 a.u., which was chosen on the grounds of best agreement bet
that the calculated energy intervals between the levels and the experim
values of these intervals.
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The next step involved constructing the effective ope
tor ~22!. All corrections exceptATP are determined by single
particle operators and can be reduced to calculating effec
one-electron integrals. Calculating the expectation value~15!
for such operators is easy. However, allowing for the tw
electron correctionATP required more involved calculations
Hence in calculating these corrections we discarded the c
tributions of configurations whose weight in the wave fun
tion was no larger than 1024.

To determine the error associated with the incomple
ness of the configuration-superposition method, we estima
the contribution of virtual orbitals not included in the supe
position of configurations in the lowest perturbation ord
We call the corresponding corrections the valence corr
tions. These corrections are important only for the 6p3/2 and
7p3/2 levels, where the other corrections are small or can
each other almost perfectly.

Finally, the last correction arises if we allow for th
conditions~11!. For the lowest levels with fixed angular mo
mentumJ and parityP the conditions simply determine th
corrections to normalization. For excited states, stric
speaking, we must allow for violation of orthogonality wit
the lowest states, but here we took into account only
normalization condition. The results of calculating the hyp
fine structure of thallium are listed in Table II.

5. CONCLUSION

A comparison of the results listed in Table I and those
Ref. 1 shows that even approximate allowance for the ene
dependence of the operatorS combined with an optimum
choice of the constantW, which determines the staring ap
proximation~8! of the Hamiltonian, make it possible to en
hance the accuracy of calculations of the atomic spectr
The largest deviation from the experimental data in su
calculations amounts only to 0.2%, while in the previo
calculations it amounted to about 1%. This refinement of
spectrum was found to have an effect on the results of
calculations.

The results listed in Table II show that the Hartree
Fock–Dirac approximation for the magnetic hfs consta
agrees very poorly with the experiment. In some case
even yields an incorrect sign or an incorrect order of mag
tude of the constant. Allowing only for configuration supe
position does not improve the results significantly.

Only when many-body perturbation theory and t
configuration-superposition method are combined does
accuracy improve substantially. Many-body perturbati
theory yields three types of correction, resulting from~i! re-
placing the valence Hamiltonian by the effective Ham
tonian ~allowance forS(E)), ~ii ! using the effective hfs op-
erator (ASBT,ATP, and As), and ~iii ! the normalization
condition~11!. The last correction is less than 1%, while th
other two are much larger.

Note that the various many-body perturbation-theo
corrections often cancel one another because summa
over intermediate states leads to contributions that violate
Pauli exclusion principle. Such contributions, obvious
cancel each other, so that their net effect is zero. For

en
tal
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TABLE II. Magnetic hfs constants for several lowest levels of205Tl ~MHz!.

6p1/2 6p3/2 7s1/2 7p1/2 7p3/2 6d3/2 6d5/2

HFD 17 554 1302 7612 1957 188 21 9
CS 1195 21369 13655 288 1114 2149 1307
S(E) 13197 148 1421 1290 241 190 2135
RPA 11359 1327 11043 1134 171 16 114
ASBT 21225 2120 272 2116 217 216 211
ATP 11130 144 210 1105 16 112 18
As 21090 219 2303 2105 210 12 26
Valence 213 153 143 26 16 21 21
Normalization 2214 22 282 214 22 0 21

Theory of Ref. 14 21 760 21919 12 470 2070 195

Theory of Ref. 13 21 300 339 12 760

Present work 21 623 264 12 307 2157 315 235 184

Experiment 21 311 265 12 297 2155 309 243 229

Note: We list the values of the hfs constants in the Hartree–Fock–Dirac~HFD! approximation and the correc
tion yielded by configuration superposition~CS! and the correctionS to the Hamiltonian. We allow for the
corrections to the hfs operator arising from the use of the random-phase approximation~RPA!, the subtractional
correctionASBT , the two-particle correctionATP , the self-energy correctionAs , the valence correction reflect
ing the incompleteness of configuration substitution, and the normalization correction.
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stance, the sumARPA1ASBT1ATP obeys the Pauli exclusion
principle, while each term in it does not. For this reason
separate contributions to this sum have no physical mean
Moreover, in most cases there is partial balance between
correction due to the use of an effective Hamiltonian and
correctionAs . In our case this balance results from the fa
that the contributions of the intermediate electron and h
state have different signs but comparable values. As a re
the net many-body perturbation-theory correction is mu
smaller than the separate contributions.

The data in Table II suggest that for all the levels exc
the d levels the agreement with experiment is extrem
good. The largest many-body perturbation-theory correcti
arise for the 6p1/2 level, where they amount to more tha
3000 MHz. This explains the lower accuracy achieved in c
culating this constant~1.4%!. Two other large constants~for
the 7s and 7p1/2 levels! were found to be calculated with a
accuracy ten times higher, which corresponds to appreci
smaller values of the many-body perturbation-theory corr
tions. For the 6p3/2,6d3/2, and 6d5/2 levels we have an ex
tremely poor starting approximation. Hence the perf
agreement between our results for the 6p3/2 level and the
experimental data can to a certain extent be considere
coincidence. Note that to obtain a correct result we neede
allow for all the corrections here.

On the whole we can say that the adopted meth
proved to be very effective in calculating the spectrum a
the hfs constants. Note that in a somewhat simplified fo
this method has recently been used to calculate the hfs
stants andP,T-odd matrix elements for the BaF molecule20

with the accuracy of this method also increasing sign
cantly. Further refinements require increasing the numbe
higher-order corrections taken into account. This can be d
by resorting to the methods used earlier in calculations
the cesium and thallium atoms by a pure perturbation-the
approach.14,21 First one must allow for higher-order corre
e
g.
he
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tions to the operatorS. The leading corrections of this typ
correspond to the inclusion of a polarization operator in p
non lines. To first order these corrections can be taken
account by introducing screening coefficients~see, e.g., Ref.
3!. One must also allow for the correction to the effective h
operator related to structural radiation.
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13A.-M. Mårtensson-Pendrill, Phys. Rev. Lett.74, 2184~1995!.
14V. A. Dzuba, V. V. Flambaum, O. P. Silvestrov, and O. P. Sushkov

Phys. B20, 1399~1987!.
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